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Abstract

A Korean crude-oil importer hedging joint WTI and USD/KRW exposure with a barrier
oil option settled in won must decide how to size the currency leg. A change of numeraire
shows that this payoff factorizes into the spot rate times a pure dollar option, so the correla-
tion desks associate with such structures enters neither its price nor either of its deltas, and
the structure’s entire currency exposure is its own carrying value per unit of the exchange
rate. That is the paper’s positive result and it is exact.

The rest is a set of negative results about the estimator such structures are usually
hedged with, each obtained by controlling something the original comparison did not. A
fitted least-squares Monte Carlo surface delta, examined across its own fitted domain, is close
to a constant: it spans 0.033 where a Black-76 delta spans 0.36, it never reproduces the sign
reversal an up-and-out call carries near knock-out, and it is rank-deficient at inception. Its
apparent hedging advantage over a barrier-blind delta is reproduced in full by a constant
hedge ratio with no fitting and no barrier information, so the advantage belongs to the level
of the ratio and not to barrier awareness. Once the ledger stops where the American price
says the contract stops, rather than running to maturity against an American premium,
the comparison reverses outright and the closed-form delta is the better hedge. And the
variance-minimizing coupling multiplier the coupled family defines is not a covariance-aware
hedge ratio but a bookkeeping correction: netting the currency exposure that the oil futures
leg already carries moves the minimizer by exactly one unit and leaves nothing economically
distinguishable from zero.

The practical recommendation is unchanged and is now reached more directly: size the
currency leg to the option’s own carrying value, net of what the oil leg already carries, and
test any claim that a fitted surface delivers barrier-aware hedging against a constant-delta

control before accepting it.
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1 Introduction

Korean refiners and independent crude-oil importers hold a joint exposure to two only weakly
correlated risk factors: the US-dollar price of WTT crude, and the USD/KRW exchange rate that
converts that dollar liability into the importer’s home-currency cash outflow. Left unhedged,
a firm with a fixed monthly physical oil requirement (in the production configuration studied
here, 2,000,000 barrels per month, equivalently a USD funding need of $157,880,000 per month)
is simultaneously short WTI and short KRW (long USD) in a way that a single-asset hedge
cannot address. The natural instrument is a two-asset, quanto-style structure whose payoff is
linear in both S; (WTI) and Sy (USD/KRW), typically embedded with a double knock-out
(KO) barrier to reduce premium: in the specification studied here, KO triggers if WTI trades
above 120 or below 50 USD/bbl at any point before maturity.

A remark on instrument choice is due up front. The industry-standard hedge for this
exposure is the zero-cost collar, a purchased cap financed by a written floor and familiar from
refiner and airline hedging programs, whose payoff is continuous and whose delta hedging is
textbook. The double-KO quanto is studied here because it is the instrument on which per-
asset delta estimation actually breaks, through a discontinuous payoff, path dependence, jump
risk, and a second correlated leg, so it is where a covariance-aware hedge ratio has research
content and not being a corollary of Black-76. Nothing in the method is specific to the exotic;
applied to a collar it collapses to the classical continuous-delta case, which is precisely why the
collar is not the object of study.

The portfolio-optimal static split of the hedging budget between the WTI leg and the FX
leg, a one-shot allocation decision made at inception, lies outside this paper’s target. This
paper’s target is how the FX leg’s hedge ratio should be set once the two legs’ risks are coupled
by the structure itself, through the shared knock-out barrier, the jump component, and the
cross-asset correlation, and not each delta being estimated independently, asset by asset. The
natural reference point for an independent, per-asset treatment is the one-parameter family
dpx(t) = ¢ dwrr(t) evaluated at ¢ = 1.0, i.e. full one-for-one pass-through of the WTT hedge
notional into the FX leg, the simplest rule available when the FX leg’s own risk profile is not
separately modeled. This paper asks two questions of that family, and one question outside
it entirely: what the covariance between the two legs’ hedge costs implies for the coupling
parameter ¢; and, independent of any coupled family at all, what the structure’s own analytic
sensitivity to the FX rate implies the FX delta should be. The answer to the first depends in
turn on how reliably dyr7(¢) itself can be estimated once the option carries a discrete, path-
dependent knock-out feature that no closed-form pricing model represents exactly, since any
coupling to Sy transmits every WTI-delta error directly into the FX leg.

No existing strand of the literature supplies a covariance-aware FX hedge ratio for this
specific setting. The cross-hedging literature descending from Anderson—Danthine treats static
hedge ratios on futures, not the dynamic delta coupling of an option position rebalanced daily;
the quanto-pricing literature derives correlation drift adjustments for valuation but stops short
of the two-legged operational hedging problem a desk actually runs; and the barrier-option
hedging literature concentrates on the discontinuity at the barrier of a single underlying, not

on how a second, correlated currency leg’s hedge ratio should be set jointly with the first. This



paper fills that gap directly. The contributions are: (i) a measured, common-random-number
comparison of three delta-estimation methods (LSMC regression, Black-76 proxy, Turnbull—
Wakeman proxy) on an identical path bank, together with the controls, a common ledger, a
constant-delta rule, and an exercise-consistent stopping time, that decompose the raw gap and
reverse its attribution; (ii) an exact per-path affine decomposition of hedge cost in the coupling
parameter ¢ (Section , showing hedge-cost variance is an exact parabola in ¢, which is used
here not to endorse its vertex as a hedge ratio but to locate and explain that vertex; (iii) a
diagnosis of the variance-minimizing coupling multiplier ¢* = —Cov(A, B)/Var(B) that this
structure’s affine hedge-cost decomposition defines: the multiplier is real as an identity but
not as economics, because on the shipped ledger it is dominated by an unintended currency
position the oil futures leg already carries, and netting that position collapses the multiplier to
zero (Section ; (iv) a corollary of that factorization giving the structure’s own analytic FX
delta as V' (t)/S2(t), the option’s carrying value, and a measured 4.6x gap against the coupled
family’s reference point (Section ; (v) a decomposition of the KO-rate statistic showing the
American engine’s lower reported KO rate reflects early-exercise pre-emption and not a different
barrier process; and (vi) a numerical-rigor layer (jump-adapted exact path simulation with exact
first-passage barrier treatment, an Esscher-consistent jump risk-premium transformation, basis-
robustness and convergence studies, and dual upper-bound pricing diagnostics) that removes
the discretization component of simulation error from the reported numbers and quantifies what
remains (Section . This layer addresses numerical error only; the estimation uncertainty in
the calibrated inputs is a separate and larger source of dispersion, and is discussed in Section

Figure [I{ shows the historical WTT and USD/KRW series underlying the calibration of Sec-
tion [} 1,301 paired daily closes spanning 28 June 2021 to 22 June 2026, which difference to
the 1,300 paired daily log returns that constitute the estimation sample used throughout (Sec-
tion , over which WTT alone ranges from below $60 to above $100 per barrel and USD/KRW
moves from roughly 1,130 to above 1,600, indicating the joint magnitude of commodity and

currency risk this structure is built to address.

Historical WTT and USD/KRW, 2021-06-28 to 2026-06-22 (n=1301)
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Figure 1: Historical WTI spot and USD/KRW, the calibration source series (Section [)).

The structural difficulty is this: the KO feature destroys the applicability of the text-



book closed-form models (Black-76 for the European vanilla proxy, Turnbull—Wakeman for
the Asian-averaging proxy) that a practitioner would otherwise reach for first, because neither
model has a barrier term in its analytic derivation. A Longstaff—Schwartz least-squares Monte
Carlo (LSMC) regression, by contrast, prices and differentiates the option on the same simu-
lated paths that determine the KO event, so the barrier is handled within the same numerical
machinery that produces the hedge ratio. This paper’s central empirical exercise is to test that
presumption rather than assume it. On an identical common-random-number path bank, so
that all three delta-estimation methods see the same realized KO /no-KO outcome, the raw com-
parison indeed favors the regression surface by an order of magnitude. The paper then adds one
control at a time and the advantage does not survive the controls: holding contract, premium
and stopping rule fixed shrinks it to 12% (Section ; a constant hedge ratio with no barrier
information reproduces what remains; and stopping the ledger where the American price says
the contract stops reverses the sign outright, leaving the barrier-blind proxy the better hedge
on this structure (Section . The measured result is a caution about the estimator, not a
vindication of it.

The remainder of the paper is organized as follows. Section[2]places the model in the existing
literature. Section [3| derives the correlated jump-diffusion dynamics, the quanto double-barrier
payoff, and the orthogonal Girsanov transform used to move between the physical measure P
and the pricing measure Q. Section 4| documents the calibration of the WTI jump/diffusion
parameters from historical data and the variance-decomposition hazard this creates. Section
gives the full numerical formulation: the Longstaff—Schwartz backward-induction algorithm,
the corrected 5-term regression basis, the closed-form regression delta, and the log-space Brown-
ian bridge barrier correction. Section [ reports the empirical baseline results. Section [7] reports
sensitivity studies. Section [§ validates the model and the numerical scheme together: the
P/Q measure separation directly against simulation, then the scheme’s approximation layers
removed entirely via a jump-adapted exact simulation at 200,000 paths, with measured error
decomposition, convergence, a dual price bound, and an Esscher-consistent risk-premium tilt.
Section [9] discusses the central technical tension the results expose. Section catalogs the

model’s limitations, and Section [L1| concludes.

2 Literature Review

The theoretical foundation for the jump-diffusion dynamics used throughout is Merton (1976),
who first formalized a diffusion process punctuated by a compound Poisson jump component
and showed that, because jump risk cannot be spanned by continuously-traded instruments,
the resulting market is incomplete. Longstaff and Schwartz (2001) supply the numerical en-
gine: least-squares regression of the discounted continuation value onto a low-order polynomial
basis of the state variables, evaluated only on in-the-money paths, which turns the pricing of
an American-style (or any early-exercise or path-dependent) claim into a tractable backward-
induction regression problem. This paper’s American engine is a direct, KO-barrier-augmented
application of that method; its Asian engine likewise migrates to the same LSMC regression

machinery specifically because the KO barrier cannot be represented in a closed-form Asian



pricing model.

Two closed-form benchmarks are used explicitly as proxies against which the regression
delta is compared. Black (1976) supplies the forward-based closed-form option price used for
the European vanilla proxy leg; Turnbull and Wakeman (1991) supply the moment-matching
closed-form approximation for the arithmetic-average Asian proxy leg. Neither model has any
mechanism to represent a discrete monitored barrier, which is precisely the property this paper
exploits: both are deliberately used as if they were adequate for a KO structure, so that
the resulting hedging degradation can be measured and not merely asserted. Finally, Garman
and Kohlhagen (1983) supplies the closed-form FX option formula used wherever a standalone
currency option valuation is required in the surrounding sensitivity and diagnostic machinery
(in particular the FX leg’s own delta terms feeding the one-for-one coupling dpx = dwrr that
the reference point ¢ = 1 imposes). The correlation coupling between the two legs is priced
here as Reiner (1992) characterizes it, as a genuine quanto drift adjustment, but recovered
by joint correlated simulation and not by applying his closed-form adjustment directly, for a
simple reason: no closed form of that kind survives the addition of a discretely monitored double
barrier.

The discrete-monitoring barrier correction used throughout (Section is not derived from
first principles here; it is the continuity correction of Broadie, Glasserman, and Kou (1997),
who show that a barrier monitored at n discrete dates can be priced, to a good approximation,
by shifting the barrier by +80v/At and applying the continuous-monitoring formula, or, as
implemented in this paper’s regression engine, by a direct Brownian-bridge touch-probability
test on each discretization interval. The contribution here is the correction’s integration into
an LSMC regression pipeline for a two-asset quanto structure, and the direct measurement, in
Section of the residual gap the correction leaves against jump risk it was not designed to
see.

The jump-diffusion literature’s central structural consequence, market incompleteness under
discontinuous trajectories, is the reason a diversifiable jump-risk premium survives the P — Q
transition in the pricing measure used here (Section, consistent with the incomplete-markets
treatment of jump-diffusion hedging in Cont and Tankov (2004). It is also the direct cause of
the finite-difference/regression-delta divergence documented empirically in Section Broadie
and Glasserman (1996) establish, for simulation-based Greeks generally, that pathwise and
finite-difference estimators can diverge sharply for payoffs with discontinuities of this kind, and
a regression fitted on a polynomial basis over a finite, discretely-jumping path set inherits the
same structural difficulty and not escaping it. Section [7.1] accordingly measures the magnitude
of this known phenomenon on the specific barrier-quanto structure studied here.

What none of these strands directly supplies is a covariance-aware hedge ratio for two legs
coupled through a shared barrier and a shared jump component, and not through a simple linear
correlation in continuous-time diffusion alone. The cross-hedging tradition of Anderson and
Danthine (1981) and its currency extension in Adler and Dumas (1984) optimizes static hedge
ratios for futures positions, a single number chosen once, and has no object corresponding to a
delta recomputed daily on an option whose barrier can extinguish it; its optimality conditions

do not speak to a coupling rule applied at every rebalancing date. The unconstrained, single-



period version of that same optimization is the minimum-variance hedge ratio of Ederington
(1979), and the affine per-path cost decomposition of Section writes this structure’s hedge-
cost variance as an exact parabola in the coupling parameter whose vertex is that classical ratio.
What Section [7.4] then establishes is negative: on this structure the vertex is not a covariance-
aware hedge ratio at all but an artifact of an unnetted currency position, so the object the
cross-hedging tradition would look for here does not survive inspection, and the case for setting
the currency leg is made analytically instead (Section . The quanto literature, from Reiner’s
drift-adjustment result onward, is a valuation literature: it prices the correlation coupling but
leaves open the hedging problem that coupling implies, in which two correlated legs carry two
notionals and one must be sized against the other. And the barrier-option hedging literature,
including the continuity-correction result of Broadie, Glasserman, and Kou (1997), concentrates
on the single-underlying discontinuity at the barrier, the delta’s explosion near the knock-out
level, and not on cross-asset notional sizing. None of these strands examines a covariance-aware
hedge ratio for a structure coupled through a shared barrier and a shared jump component.
Deriving one in closed form, and measuring what an independent, per-asset treatment costs

relative to it, is this paper’s contribution.

3 Asset Dynamics and P/Q Separation

3.1 Two-Asset Correlated Jump-Diffusion SDE

Let S;(t) denote the WTT crude price and Ss(t) the USD/KRW exchange rate, both evolving
under the physical measure P. S; is modeled as a jump-diffusion process to capture the empiri-
cally fat-tailed, discontinuous behavior of energy prices; Ss is modeled as a standard correlated

geometric Brownian motion:

dsi(t) Wy
S) (1} — Ak)dt + o1 dWA(t) +d ]Z::I(ey -1) (1)
dSSQ 2(%) =yl dt + o0 AW (t) (2)
dWi(t) - dWa(t) = pdt (3)
k=E[e" —1] =exp(f; + 303) — 1 (4)

N(t) is a Poisson counting process with intensity A, independent of W7, Wa; each jump multiplies

the pre-jump price by €Y7, with the log-jump-size Y; drawn i.i.d. from a normal distribution,
Yj ~N(0;,63). (5)

For simulation, the SDE of Section [3.1]is discretized on a uniform grid ¢; = iAt, i = 0,...,n,
At = T'/n, using an Euler—Maruyama scheme with the compound Poisson jump superimposed

once per step. On the risk-neutral measure Q constructed in Section (drift ,u,lf — ryUs,



us — rrw — rus), the one-step update is

g1 ~N(0,1), g5 ~ N(0,1), g9 =pe1+ V1 —pley (6)
Ni .o
N; ~Poisson(AAY), ;=Y Y, Y N N(6,,03) (7)
j=1
S1(tiv1) = S1(ty) exp[(ryg — Ak — %J%) At +o1VALer + Ji] (8)
Sa(tiv1) = Sa(t;) exp{(rKRW —rys — %O’%) At + ooV At&g] (9)

The number of jumps N; within a single step is itself simulated (not merely a 0/1 indicator), so
that more than one jump landing in the same daily interval is representable, and the aggregate
jump contribution J; is the sum of that many independent draws of Y;. The shared standard
normal €1 drives both the diffusive part of 57 and, through the pe; term, the correlated part of
S9’s shock e9; this is the same Cholesky-style construction formalized in Section 3.3

The introduction of the Poisson jump component converts the asset manifold from complete
to incomplete. In a pure diffusion setting, the Black-Scholes replication argument holds exactly:
a continuously-rebalanced portfolio of the underlying and a risk-free bond spans every contingent
claim, because the only source of risk is a continuous Brownian increment that a continuously-
adjusted delta position can offset instantaneously. A Poisson jump differs from a diffusive
move in kind as well as in size: it is an instantaneous, discontinuous repricing that occurs at
an unpredictable stopping time, and no finite adjustment made an instant before the jump
can offset a discontinuity whose magnitude is drawn from a continuous distribution after the
jump has already occurred. Because the space of possible jump outcomes cannot be spanned
by a finite number of continuously-traded hedging instruments, the market admits infinitely
many equivalent martingale measures and not the single one guaranteed under diffusion-only
market completeness, and the choice among them is governed by the market’s aggregate risk
aversion toward jump risk specifically, a diversifiable-risk assumption this paper follows explicitly
(Section in choosing A, 07,57 to be measure-invariant.

The compensator term —Ax dt embedded in the drift is not an optional convention; it is
required to keep the model’s own stated drift parameter, u}, meaning what it is defined to
mean. The compound Poisson jump term Z;V:(? (eYj —1) has, by construction, an instantaneous
expected contribution of AE[e¥ —1] dt = Ak dt to the process. If this expected jump contribution
were left inside the total drift without being netted out, the realized expected growth rate of
S; would exceed pf by exactly Ax, silently double-counting the jump component’s mean inside
a parameter that is supposed to represent the asset’s total observed physical-measure drift.
Subtracting Ak dt from the diffusive drift restores u} as the asset’s true expected growth rate
under P, and under the risk-neutral measure this same compensator structure (with ,ulf replaced
by rys) is the algebraic condition that keeps the discounted price process a local martingale,

i.e. the condition without which no self-consistent pricing measure exists at all.



3.2 Quanto Double-Knock-Out Payoff Construction

Before turning to measure separation and calibration, it is worth writing the contract this
paper prices and hedges out in full, since every subsequent formula is a derivative of this single
object. The importer’s exposure is to a monthly barrel requirement whose dollar cost, once
converted to KRW, depends multiplicatively on both S7 and Ss; the structure is built to offset
that multiplicative joint exposure, at the smaller premium a barrier affords, by paying the same
product 57 - Sz only above a strike and only while WTT has stayed within a monitored corridor.
Writing K for the strike, U and L for the upper and lower KO barriers (U = 120, L = 50
USD/bbl in the production configuration), and 7o = inf{t : S1(t) > U or Si(t) < L} for the

first barrier-hitting time, the three payoff variants studied in this paper are:

VEW(T) = barrels - max(S, (T) — K,0) - So(T) - 1{rxo > T} (10)
yAmer()y —  qup  EQ [e7"UST barrels - max(S1(7) — K, 0) - Sa(7) | Fo) (11)
T<TNATKO

VAsan(T) = barrels - max (S1(T) — K,0) - So(T) - 1{rxo > T}, Si(T) = %Z S1(tk)
k=1
(12)

where the supremum in the American payoff ranges over (Q-measure stopping times 7 that are
themselves bounded by the first KO time 750 (once the barrier is hit the contract is dead
and no exercise decision remains to be made), and S1(T) in the Asian payoff is the arithmetic
average of WTI over the m pre-specified averaging dates t1 < -+ < t,, <T.

Each of these payoffs multiplies a WTI-leg quantity by the floating terminal FX rate So(7T)
and not by a rate fixed at inception; this is the source of the ”quanto” correlation coupling
referenced throughout the paper. Because S1(T") and Sa(T') are jointly, non-trivially correlated
under the model of Section (through the shared shock pe; appearing in both legs’ dis-
cretized increments), the risk-neutral expectation of the product does not factor into a product

of expectations:
EY max(5)(T) — K,0) - S5(T)] # EY max(S(T) — K,0)] - EYS5(T)]. (13)

The inequality in is correct as stated, and it is tempting to read it as saying that p enters
the price. It does not. The payoff converts at the realized terminal rate rather than at a rate
fixed in advance, and that is precisely the case in which a change of numeraire removes the

correlation entirely.

Proposition 1 (Factorization). Let N(t) = Sa(t)e"Us? be the KRW wvalue of the USD money-
market account, a traded KRW asset, and let QUS be the measure it induces. For any payoff of
the form X(T') - So(T) with X measurable with respect to the Si path,

V() = EX [emremn X (T)S5(T)] = S5(0) e vsT EX 7 [x(T)), (14)

in which neither p nor oo appears. The same holds for any optimal-stopping payoff of this form,

since continuation and exercise values are both linear in Ss.
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The proof is the numeraire change itself: V(0) = N(0) EQ”® [(X(T)S2(T)/N(T)] =
Sg(O)e*TUsTEQUS[X(T)]. Setting X(T') = max(S1(T) — K,0)1{no barrier touch} gives
this paper’s European structure. The American value is a supremum over stopping times
and is not of the form covers; the argument extends to it because the numeraire ratio
So(t)e"™Ust /N (t) is identically one at every stopping time, so the same change of measure applies
pathwise inside the supremum and the exercise region, being Si-measurable, is unchanged.
Appendix [B] proves the extension. The correlation adjustment —poi09 that a KRW-numeraire
treatment applies to the drift of S; is exactly offset by the 4+po102 generated by the covariance
between X (T') and So(T'); the two cancel, which is what records. Direct simulation
confirms it, and confirms it with the barrier in place rather than only for the vanilla case:
repricing the double-knock-out payoff at p € {—0.5, 0, 0.0876, 0.5} under the correctly-specified
measure moves the value by at most 0.6%, non-monotonically in p and so within Monte Carlo
error, against a factorized closed form agreeing to the same tolerance. The survival probability
is likewise flat across p (0.741-0.743). This is what predicts: the numeraire change shifts
the drift of S; from ryg — poios under QXEW to rig under QUS| so the first-passage law that
governs the barrier is itself p-free.

The numeraire argument itself is standard; what it settles here is not. Practitioner usage
prices this structure as a quanto and attributes a correlation coupling to it, and the Shapley split
of Section [6.1] allocates premium between a WTI and an FX leg on that basis. Proposition
shows the coupling is absent from the price, which is a statement about a live pricing conven-
tion rather than about the mathematics. Three consequences follow for the rest of the paper.
First, the label “quanto” is used here in its loose desk sense, for a two-asset structure whose
payoff is denominated across currencies, and not in the technical sense of a fixed-conversion-rate
contract carrying a correlation-dependent drift adjustment: this structure carries no such ad-
justment. A genuine quanto would convert at a rate fixed at inception, and only then would p
survive into the price; in the cross-currency taxonomy the structure studied here is a composite
(compo) option, and Proposition is the textbook composite-option factorization (Musiela and
Rutkowski, 2005), restated and verified because the desk convention this paper measures prices
the structure as the quanto it is not. Second, Proposition [l| is the homogeneity result that
Section derives independently and uses to obtain dpx = V/Ssy; the FX-delta results of this
paper are therefore consequences of the factorization rather than of any correlation coupling,
and they are strengthened by it, since makes the structure’s entire FX exposure its own
carrying value by construction. Third, the factorization closes the pricing channel but not the
question of how the two legs’ hedge costs co-move, which Section takes up directly and finds
to be dominated by a bookkeeping artifact rather than by the structural correlation.

All three benchmark engines draw their FX multiplication from the same jointly-simulated
bank, so the FX leg is never a source of divergence between them (Section ; only the barrier

treatment is.

3.3 Orthogonal Girsanov Transform and Risk Premium Isolation

Write the correlated shocks in an orthogonal basis, €; = 21, €2 = pz1 + /1 — p? 29, with market
prices of risk 1 = (u} — rys)/o1 and Oy = (b — (rkrw — rus))/o2. Shifting ey by 09 directly

11



would price the WTI risk premium twice, since ey already carries a p-weighted share of the z;

shock that 6y shifts; the orthogonalized currency premium, acting purely on zs, is

P b —p0y
2,indep — ﬁa

and with the Girsanov density built from (61 on z1, 02 indep On 22) the Q-drifts reduce exactly

(15)

to rys and rxrw — rys with no correlation leakage. Section [8] validates the construction twice:
exactly, against closed-form drift moments; and inexactly, by likelihood-ratio reweighting of the

path-dependent KO payoff, whose residual localizes numerical and not theoretical error.

4 Calibration of WTI Jump/Diffusion Inputs

A naive historical volatility estimator measures the total quadratic variation, diffusion plus
jumps. Assigning it entirely to o1 and then layering Poisson jumps on top simulates strictly
more variance than was ever observed, silently inflating both the premium and every downstream

hedge cost. The calibration must therefore split the observed variance and not duplicate it.

4.1 Asymmetric Up/Down Jump Decomposition

The production calibration resolves this by classifying jump days with a robust k-sigma thresh-
old and estimating an up-jump and a down-jump regime separately by moment-matching within
each classified regime, since energy-price shocks are empirically asymmetric, with downside dis-
locations sharper than upside recoveries; the diffusive o is then re-estimated from the surviving
non-jump days, so the observed quadratic variation is split between the two components rather
than duplicated. Appendix [C]states the estimator in full, including what it is not.

Because every downstream engine in this paper (Sections simulates a single
symmetric jump distribution and not two asymmetric regimes, the fitted (Aup,0sup,07up)
and (Agn, 0.7.dn,074n) Pairs are moment-matched to a single equivalent Poisson-normal jump
(A, 07,07) by matching total jump intensity, the aggregate first moment, and the aggregate

second moment of the jump-size distribution:

A= Aup + Adn (16)
Aup 07up + Adn 0.1,dn

9] _ p YJ, p‘l\’ dn Y J,d (17)
Aup (0% + 6% )+ Aan (0%, + 62

(53 _ P( Jyup J,up) T d ( J,dn J,dn) . 03 (18)

The three lines match, in order, the total arrival rate, the intensity-weighted mean (preserving
the compensator Ak of Section, and the pooled second moment, an exact two-to-one variance
decomposition.

Table [1] reports the fitted regimes directly, and not only the symmetrized pair the down-
stream engines consume. Down-jumps arrive nearly twice as often as up-jumps (A\g, = 4.462 vs.
Aup = 2.328 per year), are roughly 9% larger in magnitude (|074,| = 8.75% vs. 8., = 8.04%),
and are 66% more volatile (054n, = 2.78% vs. 054 = 1.68%). The asymmetry is a measured
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property of the return history (n., = 12, ng, = 23 classified jump days).

A note on what this estimator is. Jump days are identified by a k-sigma threshold rule
and the intensity is their annualised count: 35 x 252/1300 = 6.7846 per year reproduces the
figure the engines use to seven digits, and the two regime intensities are 12 x 252/1300 and
23 x 252/1300. It is a threshold classifier followed by moment-matching within each regime,
not the likelihood-maximising mixture that “EM” would imply, and the symmetrized triple
(N, 07,05) = (6.7846, —0.0299, 0.08443) is what every engine in this paper consumes. Re-deriving
the symmetrization from the rounded regime values displayed above returns ¢ ; = 0.0834 rather
than 0.08443, a 1.2% difference that is an artifact of the rounding rather than a second estimate.

The estimation sample is the 1,300 paired returns of the price history.

Regime A (jumps/yr) 0y 07 n days
Up-jump (r > 0) 2.328 +8.04%  1.68% 12
Down-jump (r < 0) 4462 —-8.75%  2.78% 23
Symmetrized (as used by the engines) 6.7846 —2.99% 8.443% 35

Table 1: Fitted up/down jump regimes and their moment-matched symmetrization, from the
1,299-day WTI daily log-return history (k=3 robust threshold).

The resulting decomposition: total historical WTT volatility o1 = 0.3946 splits into a diffu-
sive 01 = 0.3242 and a symmetrized jump component (X, 0;,0;) = (6.7846, —0.0299, 0.08443).
The negative mean jump size is the asymmetric fit’s quantitative trace surviving symmetriza-
tion: the larger, more frequent down-jump regime pulls 87 negative under intensity weighting.
The FX leg calibrates to g9 = 0.0926 with WTI—FX correlation p = 0.0876, the quantity the
orthogonal Girsanov construction of Section isolates. Whether the up/down asymmetry
itself matters for barrier risk is testable: simulating the genuine two-regime process against
the symmetrized draw on matched seeds moves barrier-touch probabilities by under 0.1 per-
centage points even from starting points near the barrier, because the 32.4% diffusive volatility
dominates touch dynamics over sub-annual horizons, so the symmetrization is quantitatively

adequate for this structure and not merely tractable.

5 Numerical Model Formulation

5.1 Path Simulation and the Longstaff—Schwartz Backward-Induction Al-
gorithm

Pricing and hedging every structure in this paper reduces, algorithmically, to a single backward-
induction procedure applied to a bank of N jointly-simulated (Sj,S2) paths built from the
discretization of Section Writing VI,(ti) for the estimated value of the contract on path p

at step 7, the procedure is:

1. Forward simulation. Simulate all N paths forward from tq to t,, = T using the one-step
update of Section recording S1(t;, p), Sa(ti,p) at every step, and separately recording
the first barrier-hitting step ixo(p) (identified via the Brownian-bridge test of Section

applied between each pair of consecutive recorded steps).
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2. Terminal initialization. At i = n, set V,(t,) = max(Si(tn,p) — K,0) - Sa(tn,p) for
the European and American payoffs (Section [3.2]), or the corresponding running-average

intrinsic value max(S1(T,p) — K,0) - Sa(t,,p) for the Asian payoff, on every path not

already knocked out by ixo(p) < n; knocked-out paths carry a value of zero from their

KO step onward.

3. Backward loop. Fort=n—1,n—2,...,1:

(a)

(b)

Identify the in-the-money (ITM) path subset Z; = {p : Si(t;,p) > K andi <
ixo(p)}-

On Z; only, regress the one-step-discounted continuation value e*TUsAt‘A/p(tiH)
against the 5-term polynomial basis of Section evaluated at (vq1,v9) at t;, by
ordinary least squares, to obtain the fitted coefficients By(t;), ..., B5(t;).

For American paths only: on Z;, compare the fitted continuation value
C(S(ti,p), Sa(ts,p)) against the immediate exercise value max(S;(t;,p) — K,0) -
Sy(ti, p); where exercise value exceeds continuation value, overwrite Vj(t;) with the
exercise value and mark path p as exercised at t; (removing it from all subsequent

backward steps).
On every path not exercised at this step, set Vj,(t;) = e "US2V,(t;,1) (out-of-the-

money and previously-alive paths simply carry the discounted future value backward
unchanged; the regression is used only to make the exercise decision, never to replace
the realized future cash flow, which is the defining feature of the Longstaff—Schwartz

estimator relative to a naive plug-in of the fitted surface).

4. Price and Greeks. The step-0 price is V(t)) = %Z;\f:l V,(to) (the cross-
sectional average of the backward-propagated cash flows), and the fitted coefficient
set {Bo(ti),...,B5(ti)}1—, retained from step 3(b) at every time step is what Section

differentiates analytically to obtain the hedging delta at each rebalancing date, so no

separate pricing pass is required to extract the Greek once the backward loop above has

been run once.

This is the standard Longstaff—Schwartz (2001) least-squares Monte Carlo estimator, with

triggering.

two structure-specific modifications relative to its textbook presentation: the ITM path subset
in step 3(a) additionally excludes any path already knocked out (i < ixo(p)), so the regression
is never fitted using post-barrier paths whose future cash flow is trivially zero; and step 3(c)
(the exercise comparison) is applied only for the American engine, so that the identical steps
1, 2, 3(a),

procedure for the barrier-only European and Asian engines, with early exercise simply never

3(b), 3(d), and 4, unmodified, also constitute the full pricing and delta-extraction

5.2 Corrected State-Variable Normalization and the 5-Term Polynomial Ba-

SIS

The cross-sectional LSMC regression at each time step fits the discounted continuation value

against a 5-term polynomial in two normalized state variables (five regressor terms plus a
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constant, six coefficients (g, ..., 05 in total, the count referenced throughout this paper as “5-
term,” and, where every coefficient is tallied explicitly as in Table as “6-term”). Writing
K for the option strike (set at-the-money-forward, K = S1(0), in the production configuration)

and S2(0) for the inception FX spot, the normalized variables are

V1 = % (19)
Sa
=50 (20)

so that v, v9 &~ 1 near inception and both regressors move in direct, not inverse, proportion to
the underlying spot. (An inverted definition v; = K/S; would explode as S; — 0, a numeri-
cally valid state in a distressed commodity path, and would destabilize the regression’s matrix
conditioning; the production code avoids this by construction.) The continuation value surface

is then

C(S1,82) = Bo + Brv1 + Pova + B30% + Bavd 4 Bsv1vs (21)

fitted by ordinary least squares, in-the-money paths only, independently at each of the 217
discrete time steps spanning the 7" = 0.833-year (approximately ten-month) horizon. This is
step 3(b) of the backward-induction algorithm of Section and the six coefficients solved at
every step form the full pricing surface that algorithm accumulates. Section m (Table
bounds how much this particular basis choice matters by pricing the same structure under a
strictly larger cubic basis, a genuinely non-polynomial exponentially-weighted Laguerre-function
basis, and a payoff-kink-augmented basis, bounding the basis effect at one percent, and showing
that kink-aware terms are no-ops under I'TM-only fitting, since the hinge is linear on the fitted

region.

5.3 The Closed-Form LSMC Regression Delta

The hedging gradient is obtained analytically by differentiating the fitted polynomial surface
with respect to S7 and rescaling into FX-adjusted notional terms, using dv;/0S; = 1/K:

. 1 1
57 = el (g -+ 20001+ v @)
5FX :C‘6WTI7 c=1.0 (23)

This is the exact closed-form derivative of the fitted regression surface; no finite-difference re-
pricing is required, so the delta is available at zero marginal simulation cost once f,..., 35
are known at a given step. Each term of the polynomial maps to an interpretable hedging
quantity: B is the surface’s static linear delta; 283v1 is a moneyness-dependent acceleration
term acting as an implicit local gamma; Bsvy injects the cross-asset correlation directly into
the WTI hedge ratio, so that a shift in the FX leg alone can move the required WTI hedge
notional. The clipjg;; bound is an operational constraint on the regression’s own fitting noise,

which is unbounded in principle and would otherwise occasionally instruct the desk to hold an
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over-leveraged position. An up-and-out call has a genuinely negative delta as spot approaches
the upper barrier, because a further rise makes extinction more likely, and one might expect the
lower clip to be removing that. Section measures it and finds the opposite: the raw gradient
never turns negative anywhere, so the clip binds only above, on 1.42% of nodes, and removing
it entirely leaves the hedge-cost mean unchanged and moves the standard deviation by 0.04%.
The sign reversal is absent from the estimator by construction of the basis, not removed by the
clip. Section documents empirically how large the gap between this closed-form regression
delta and the numerical finite-difference delta actually is, and where in the option’s life that

gap is largest.

5.4 Log-Space Brownian Bridge Barrier Correction: Upper and Lower Bar-

riers

A discretely-recorded path can cross a barrier between two observations and revert, leaving no
trace on the grid, a systematic under-detection that would overprice the structure. This is the
discrete-monitoring bias formalized by Broadie, Glasserman, and Kou (1997); the correction
implemented here is their bridge-probability treatment applied directly on each discretization
interval, and not their alternative barrier-shift approximation, since the per-step conditional
touch probability is available in closed form once the interval’s endpoints are known. The
correction applies, on each step with both recorded endpoints interior to [L,U], the exact

Brownian-bridge touch probability in log-space for each barrier:

—21n(U/SP*) In(U/S1) —21n(SP*/L) In(Sy /L)
up — 5 n — 5 24
Pup eXP( A Pdn = €Xp 7 At (24)

each compared against an independent uniform draw once per step; endpoints on or beyond a

barrier are direct discrete touches. A positive bridge test updates only the KO flag and index
ixo(p), never the recorded values.

Both p,, and pg, are mathematically exact under the strict assumption that the path
between the two endpoints is continuous. Under the model of Section that assumption
is only approximately true: a genuine Poisson jump can teleport the price across a barrier
discontinuously, a scenario the continuous bridge formula was never derived to capture, since
it has no mechanism for a jump that occurs between the two conditioning endpoints and is
not itself one of the two recorded values. Formally, the true step-conditional touch probability

decomposes as

P(7k0 € (tistiv1] | Si(ti), S1(tiv1)) = Pup + Eump(A, 0,875 At), (25)

where &ump > 0 collects the paths the bridge test cannot see: a jump lands strictly inside
(tiytiy1), crosses U (or L), and reverts in log-price to the interior of [L,U] by t;41, indistin-
guishable from the two recorded endpoints alone from a jump-free path that stayed inside the
barrier throughout. Such a path requires both a jump landing in an interval of length At (prob-
ability O(AAt)) and that jump crossing a barrier several diffusive standard deviations from the

endpoint, s0 Eump = O(At) and Eymp — 0 as At — 0, vanishing at the same order as the
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FEuler—Maruyama discretization error the bridge correction was already built to control. Given
the daily granularity of the production grid (217 steps over 0.833 years, i.e. roughly one step
per trading day), this residual is small in expectation, since a typical single jump of magnitude
0;+d; ~ —3.0%+8.4% against barriers set at +52%/ —37% from spot is very unlikely to itself
be the difference between touching and not touching the barrier within a single day, and

makes explicit that it is nonzero.

6 Empirical Results

6.1 Baseline Pricing and the Knock-Out Rate

At the production baseline (51(0) = 78.94 USD/bbl, S2(0) = 1,540.64 KRW /USD, rys = 4.0%,
rkrw = 3.5%, KO barriers at 50/120 USD/bbl), the LSMC-priced base premium is KRW
17,132.47 per quanto unit, scaling to a total structure premium of KRW 34,264,941,589 across
the full 2,000-contract (2,000,000 barrel) position. A Shapley-style attribution of this premium
across the two legs assigns KRW 15,093.75 (88.1%) to the WTI leg and KRW 2,038.72 (11.9%)
to the FX leg, consistent with the WTTI leg carrying the dominant share of both notional and
volatility in this structure.

All hedge simulation results reported below are computed on n = 10,000 independent
common-random-number paths, rebalanced daily over 217 steps.

The KO rate is not a single invariant number, and reporting it as one number
obscures a genuine structural feature of the American engine. On the shared path
bank, the two engines whose stopping rule tests the barrier alone (European with the Black-76
proxy delta, and Asian with the Turnbull—Wakeman proxy delta) report an identical KO rate of
0.4369, confirming that both engines are evaluated on the same underlying barrier-touch process.
The American engine reports a strictly smaller KO rate of 0.2309, alongside an early-exercise
rate of 0.4474. This is not evidence of a different barrier process for American; it is the direct
consequence of early exercise being a competing first-stopping-time event: on any path where
the American holder’s optimal-stopping rule triggers exercise before the barrier is touched, that
path is tallied as "exercised,” not "knocked out,” even though the identical underlying path,
had it been held without an exercise option, would eventually register a barrier touch and
would be counted in the 0.4369 figure. The three rates partition the American path population
into exercise (44.74%), KO (23.09%), and alive-to-maturity (32.17%), and the correct empirical
statement is that the raw barrier-touch frequency on this path bank is 0.4369, with American’s

early-exercise feature pre-empting roughly half of what would otherwise have been KO outcomes.

6.2 Hedge Cost: American LSMC vs. Closed-Form Proxies

The primary comparison metric used throughout is hedge cost, defined per path as HC =
Ioption — gelta, the realized option profit net of total delta-hedge profit. It is distinct from total
P&L, which is reported in Tables [§] and and additionally carries the premium outlay and
the physical-leg settlement, so the two are not directly comparable in level; hedge cost which
by construction isolates the performance of the delta strategy itself and does not conflate delta

quality with the underlying payoff-structure differences between an American, European, and
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KO rate Path bank / measure Definition Section

0.4369 shared bank, Q barrier touch, daily grid

0.2309 shared bank, Q barrier touch net of early exercise (American)
0.4551 / 0.2249 FX-sweep bank, Q exercise / KO net of exercise

0.4391 / 0.4377 rigor bank, Q barrier touch, exact / production scheme

0.4512 / 0.4494 rigor bank, P barrier touch, exact / production scheme
0.171-0.174 k-sweep banks, Q KO net of exercise, re-fitted and re-struck per k 7

Table 2: Reference table of every knock-out rate reported in this paper, with the path bank and
definition each figure belongs to. Rates from different banks or definitions are not comparable
with one another; each section’s inference uses only rates from its own row.

Asian claim. Table [3| reports the full-population (n = 10,000) mean and standard deviation of

hedge cost under each of the three delta-estimation methods.

Table 3: Hedge cost distribution, full population (n = 10,000), KRW

Engine (delta method) Mean hedge cost Std. dev. hedge cost
American (LSMC regression) 4,242,549,693 54,406,045,559
European (Black-76 proxy) 66,914,895,880 117,398,625,340
Asian (Turnbull—Wakeman proxy) 66,423,885,856 110,073,446,997

Hedge-cost distribution, full population (n=10000)

150

100 +

D

/A

0 l
-50 L -

American European Asian
(LSMC regression) (Black-76 proxy) (TW proxy)

Mean hedge cost, bn KRW (error bar = 1 StdDex

Figure 2: Mean hedge cost and one standard deviation, full population, by delta-estimation
method.

Two scale references make the levels legible before any comparison is drawn: the notional
being hedged is 2,000,000 barrels, roughly KRW 240bn of procurement value at spot, and the
structure’s premium is KRW 34.3bn, so proxy-arm mean hedge costs near KRW 67bn are of
the same order as the position economics rather than small residuals; Section decomposes
how much of that level is delta quality (little) and how much is payoff, premium and stopping-
time mismatch between the arms (most). The LSMC regression delta’s mean hedge cost (KRW
4.24 billion) is smaller than either closed-form proxy’s by roughly a factor of fifteen, and its
standard deviation is smaller by a factor of two. Because the full-population comparison mixes

paths with genuinely different payoff structures (KO’d paths, early-exercised paths, and paths
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alive to maturity all pool together, and American, European, and Asian pay off differently even
conditional on an identical path), a second, cleaner test isolates the n = 3,217 paths (32.2% of
the population) that are simultaneously non-KO and non-early-exercised, the subset on which
American and European pay off identically (max(S1(T) — K,0) - So(T) on a shared path), so
that any remaining hedge-cost difference is attributable purely to the delta-estimation method

and nothing else.

Table 4: Hedge cost, clean subset (non-KO, non-exercise, n = 3,217), KRW

Engine Mean hedge cost Std. dev. hedge cost
American (LSMC regression) 26,928,215,657 36,765,911,185
European (Black-76 proxy) 91,526,694,827 91,558,547,428

Clean subset (non-KO, non-exercise), n=3217
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150 ~
125
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Mean hedge cost, bn KRW (error bar = 1 StdDev)

Figure 3: Hedge cost, clean (non-KO, non-exercise) subset: pure delta-method comparison.

On the clean subset, though see Section [6.3]for why this control is insufficient,, the LSMC re-
gression delta’s mean hedge cost is KRW 64.6 billion lower and its standard deviation is roughly
2.5x smaller than the Black-76 proxy delta’s, on paths where both models are pricing and differ-
entiating literally the same closed-form payoff. This does not isolate the delta rule. Conditioning
on the American engine’s own exercise decision is selection on an endogenous, delta-correlated
event, and a proper control that fixes contract, premium and stopping time leaves a factor of
1.12 rather than 15.8. What remains true of the clean subset is only that one delta is computed
on the same simulated paths that determine the P&L, and the other from a model that has no
barrier term at all. As a final decomposition, the raw option-payoff bias between engines on
identical paths (independent of hedge cost) is Mean(V4,,) — Mean(Vg,) = —KRW 23.86 billion
and Mean(Vy,,) — Mean(Vys) = —KRW 28.57 billion, confirming that early exercise materially
lowers American’s realized option payoff relative to the European and Asian proxies on the

same underlying paths, separately from and in addition to its hedge-cost advantage.

6.3 Decomposing the Gap: The Contribution of the Delta Rule

Table 3| compares an American LSMC ledger against European and Asian proxy ledgers, and the

three arms differ in more than the delta rule. They carry different payoffs, different premiums

19



and different stopping times, and in the shipped implementation the proxy arms hedge only the
WTI leg while the LSMC arm hedges both. Section [6] already reports one component of this
directly, Mean(Va,) — Mean(Vg,) = —KRW 23.86bn, which enters the mean hedge cost one for
one. The comparison must therefore be decomposed before the delta rule can be credited with
any of it.

Holding the contract, the premium, the path bank and the stopping rule fixed, and varying
only the delta rule, gives a much smaller effect. On 100,000 common paths with both arms held

to maturity:

delta rule (common European ledger) mean HC sd HC

fitted surface —22.86bn  51.29bn
Black-76 proxy —23.02bn  57.23bn

The means are within 0.7% of each other and the standard deviations differ by a factor of 1.12,
not the 15.8x and 2.16x of Table [3} That 1.12 is small but it is not noise: repeated over five
independent surface-and-hedge seed pairs the ratio is 1.1156 with a standard deviation of 0.0040
across seeds, so it stands at 65 standard errors from unity. The residual is attributable to the
contract: terminating the ledger at the LSMC exercise time on roughly 45% of paths shortens
the hedging horizon on exactly those paths, and hedging error accumulates with the length of
the hedge.

One further control is necessary before the surviving 12% can be attributed to anything.
Section [7.2| shows the surface delta is close to constant over the fitted domain, around 0.70. If a
flat hedge ratio at that level reproduces the advantage, then the gain is a property of the ratio’s

level and not of any state dependence, barrier-related or otherwise. Run on the same bank:

hedge rule (common European ledger) mean HC sd HC
fitted surface, state-dependent —22.86bn  51.29bn
Black-76, state-dependent —23.02bn  57.23bn
constant § = 0.70, no state dependence —24.00bn  51.13bn

constant § = 0.70 plus the surface FX leg —22.87bn  51.77bn

The constant-delta hedge matches the fitted surface and slightly beats it: the dispersion ratio
against Black-76 is 1.119 for the constant and 1.116 for the surface. The entire advantage is
reproduced by a number, with no fitting, no path bank and no barrier information of any kind.

The constant is not an optimum and must not be presented as one. Dispersion falls mono-
tonically as the ratio falls across the whole tested range, from KRW 69.6bn at § = 1.00 through
57.0 at 0.80, 51.0 at 0.70, 49.8 at 0.68, 45.1 at 0.60 to 39.5 at 0.50, with no interior minimum.
The value 0.70 was chosen because it is the level at which a constant reproduces the fitted sur-
face, not because it optimises anything, and a constant of 0.50 beats Black-76 by thirty percent
rather than twelve.

This is the paper’s most useful result, and it is prescriptive rather than merely negative.
On this structure and this calibration, a barrier-aware LSMC regression delta does not beat a
barrier-blind closed-form delta because it is barrier-aware. It beats it because Black-76’s delta

rises toward one as the option goes into the money while a knock-out structure’s does not, so
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any rule that keeps the ratio below Black-76’s captures most of the gain. The five-term surface
is one such rule; a constant at the surface’s own level is another, is cheaper, and is slightly
better. Claims that a fitted exercise surface delivers barrier-aware hedging should be tested
against a constant-delta control before being accepted.

Even the 12% on this like-for-like ledger is not the end of the decomposition. This ledger
runs both arms to maturity, and Section shows that holding the contract fixed that way
charges a European payoff an American premium; stopping the ledger where the price says the
contract stops reverses the sign, and the barrier-blind delta becomes the better hedge. The
12% should therefore be read as the largest advantage the surface retains under any consistent
control, not as a standing result: the much larger raw gap in Table [3| is dominated by payoff,
premium and stopping-time differences between the three engines rather than by delta quality,
and what is left once those are removed does not survive the exercise-consistency correction
either. The trimodality of Section is a property of the proxy ledgers as configured and

inherits the same caveat.

6.4 The comparison under a consistent ledger

Section holds the contract fixed by running both arms to maturity. That is one of two
ways to make the comparison consistent, and it is the wrong one: the premium charged in
every ledger is fit[price], an American value produced by a backward induction that applies
the exercise rule, so a ledger that runs to maturity charges an American premium against a
European payoff. The consistent alternative stops the ledger at the fitted exercise time and
books intrinsic value there.

Under that correction the central comparison of this paper reverses.

ledger surface 6 Black-76 6 winner

as shipped (no exercise, gross FX)  51.50bn 57.42bn  surface, by 1.12x
exercise-consistent 23.81bn 12.58bn  Black-76, by 1.89x
exercise-consistent, FX netted 20.53bn 12.58bn  Black-76, by 1.63x

Hedge-cost standard deviation, 60,000 paths on a surface fitted at 200,000. The regression
delta beats the closed-form proxy only in the configuration that charges a European ledger an
American premium. Once the ledger stops where the price says the contract stops, the barrier-
blind Black-76 delta is the better hedge on this structure by a factor between 1.6 and 1.9, and
netting the oil leg’s currency exposure widens the gap rather than closing it.

This completes the decomposition the Introduction promised. What survives of the raw
comparison is the diagnosis in Section the fitted surface is close to a constant over its fitted
domain and does not reproduce the sign reversal a barrier delta carries, so there was never a
mechanism by which it should have beaten a well-specified closed form. The configuration in

which it appears to win is the one that mixes two contracts.

6.5 Empirical Total-P&L Distribution vs. a Fitted Normal

Tables report only the first two moments of hedge cost. To characterize the full shape of the

realized total-P&L distribution, and to test directly whether it is even approximately normal
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and not assuming it, Figure [ plots the empirical histogram of total P&L across all 10,000
simulated paths for each engine, overlaid with a normal density fitted to the same empirical
mean and standard deviation. Table |5 reports the corresponding skewness and excess kurtosis,
computed directly from the per-path ledger (the production model itself reports these moments
only for the American engine; the European and Asian figures are computed here for the first

time from the underlying 10,000-path data).

Table 5: Total-P&L distribution moments, full population (n = 10,000)

Mean Std. dev. Excess
Engine (bn KRW) (bn KRW) Skewness kurtosis
American (LSMC regression) —38.74 26.52 0.13 1.33
European (Black-76 proxy) —77.55 132.60 —0.56 —0.89
Asian (Turnbull—Wakeman proxy) —72.36 119.18 —0.77 —0.91

Empirical total-P&L distribution vs. fitted normal density (n=10,000 paths per engine)
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Figure 4: Empirical total-P&L distribution (gray histogram) vs. a normal density fitted to the
same mean and standard deviation (black dashed), by engine.

The contrast is stark. American’s total-P&L distribution is unimodal and only mildly non-
normal (skewness 0.13, excess kurtosis 1.33); both proxy engines are trimodal at a default kernel
bandwidth, with a severe-loss cluster near —KRW 280—300 billion, a moderate-loss cluster, a
smaller gain cluster. Their failure of normality is not tail thickness (both are mildly platykurtic,
—0.89 and —0.91) but multimodality: three sub-populations sorted by which of the barrier,

the FX co-movement, and the (absent) barrier-aware delta protection each path realizes. A
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proxy delta does more than add noise: it produces a categorically different, multi-regime P&L
distribution that its own mean and standard deviation cannot summarize. The modality claim
is bandwidth-sensitive and is reported as such: a Gaussian kernel density on the proxy ledger
at Scott’s default bandwidth resolves three local maxima, near KRW —252bn, —130bn and
+2bn, but widening the bandwidth by a factor of two collapses these to two and by a factor of
three to one. The distribution is therefore broad and left-skewed (skew —1.39, excess kurtosis
+0.35) with structure at the default resolution, and the paper does not claim a formally tested

multimodality; no dip test is reported.

6.6 Alive-and-In-the-Money Path Density

The regression’s step-wise reliability depends on the alive-and-ITM path count. Figure [5|reports
that fraction by elapsed time across six maturities: from a life-mean of 45.7% at 0.5 years down
to 18.9% at 3.0 years, with the 3.0-year structure’s terminal fraction at just 3.0%, the mechanical

reason regression reliability degrades with maturity (Section [7.1)).

Alive-and-ITM path probability decay, by maturity
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Figure 5: Alive-and-ITM path probability by elapsed time fraction, across six tested maturities.

7 Sensitivity Studies

7.1 Finite-Difference vs. Regression Delta

Table [6] and Figure [6] compare the closed-form LSMC regression delta of Section [5.3] against an
independent finite-difference (bump-and-reprice) delta computed by re-running the full LSMC
pricer at S1(0) £ ¢, at three points across the structure’s life.

The re-measured gap is modest at inception and widens with elapsed time: 7.8% at ¢t/T = 0,
28.3% at mid-life and 72.4% at t/T = 0.9. Two features of the measurement matter. First, the
bump must hold the contract strike fixed. Bumping the spot while letting K follow it measures
the sensitivity of a permanently at-the-money contract to a joint translation of spot and strike,
which is a different object and, on this structure, roughly an order of magnitude smaller. Table 6]

holds K = 78.94 throughout. Second, with the strike fixed the price is monotone increasing in
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Table 6: Finite-difference vs. regression delta, WTI leg. Both columns re-measured on the exact
engine at 100,000 paths per replication over five independent seeds; standard deviations across
seeds in parentheses. The finite difference is a central bump-and-reprice at ¢ = 5% with the
contract strike held fized at K = 78.94 while the spot is bumped, which is the sensitivity a
hedging desk needs.

t/T FD delta Regression delta Abs. diff. % of FD
0.00 0.5342 (0.0055)  0.5759 (0.0772)  0.0417 7.8%

0.50 0.5457 (0.0066)  0.6999 (0.0200) 0.1542 28.3%
0.90 0.5355 (0.0010)  0.9232 (0.0361) 0.3877 72.4%

Finite-difference vs. regression delta
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Figure 6: Finite-difference delta vs. LSMC regression delta, by elapsed time fraction.

spot over S1(0) € [71,103], with an average slope of 0.58; the barrier at U = 120 does not turn
the value over inside that range at a ten-month horizon.

The direction of the remaining gap is the informative part. The regression delta is close to
the finite difference early, when the option is at the money and the barrier is far, and drifts above
it as the option ages: by ¢t/T = 0.9 it reads 0.92 against a measured 0.54. This is the opposite
of the profile a converging estimator would show, and it is consistent with what Section [7.2
documents below, namely that the fitted surface has very little state dependence at all. The
finite-difference side is the tightly determined one throughout, with a seed standard deviation of
0.006 or less; the regression side carries a seed dispersion of 0.077 at inception, which Section
traces to a rank-deficient first-step design matrix.

The consequence for the rest of the paper is bounded. The hedge-cost comparisons of
Section [6.2] compare two hedging rules applied to identical paths and do not require either
delta to be an accurate price sensitivity. Any use of the regression gradient as dV /951, on
the other hand, carries an error that grows from under ten percent at inception to more than
seventy percent near expiry, and a desk sizing from it late in the option’s life would over-hedge

accordingly.
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7.2 State Dependence of the Fitted Surface

The level comparison above says the surface is close to correct early and drifts high late. A
sharper question is whether it varies with the state at all. Table [7] compares the surface delta
with the barrier-blind Black-76 delta by moneyness bucket at mid-life, on a common 100,000-

path bank restricted to in-the-money survivors.

WTI bucket nodes surface d Black-76 9§

[79, 85) 11,102 0.7087 0.6003
[92, 100) 9,005 0.6958 0.8318
[115, 120) 522 0.6761 0.9592

Table 7: Regression-surface delta against the Black-76 delta by moneyness at ¢/7 = 0.5. The
surface delta spans 0.033 across the entire in-the-money domain; the Black-76 delta spans 0.36.

The result is negative and it should be reported as such. Across the whole in-the-money
domain the surface delta moves by 0.033, from 0.709 just above the strike to 0.676 within five
dollars of the barrier, while the Black-76 delta moves by 0.36 over the same range. The surface is
a constant plus fitting noise. Its apparent “damping” near the barrier, 0.676 against Black-76’s
0.959, is not damping: just above the strike the same surface reads 0.709 against Black-76’s
0.600, high by the same order and in the wrong direction. A genuine up-and-out delta rises
with moneyness and then collapses toward and through zero as the barrier approaches; this one
does neither.

Two further diagnostics complete the picture. Over 17,342,543 hedged nodes the raw delta
never turns negative, with a minimum of +0.357 and +0.582 within ten percent of the upper
barrier, so the clipy ;) of Section never binds below; the upper clip binds on 1.42% of
nodes, and removing the clip entirely leaves the hedge-cost mean unchanged and moves the
standard deviation from KRW 51.25bn to 51.27bn. And at the first step the design matrix
is badly conditioned, cond(X’X) ~ 1.8 x 1010 against the solver’s rcond = 1071° because vy
and ve carry one day of cross-sectional dispersion; the fitted coefficients there are an order
of magnitude larger than from step 20 onward and nearly cancel, which is the source of the
inception seed dispersion and of the sign instability in 9V/0S, discussed in Section

The summary is therefore specific. The five-term surface is not a barrier-aware delta esti-
mator in the sense the term usually implies: over the fitted domain it is close to a constant,
it does not reproduce the barrier’s characteristic sign reversal, and it is poorly conditioned at
inception. That is a substantive finding about a widely used construction, not a defect peculiar
to this implementation, and it is measurable only because the structure admits an independent
price sensitivity to test against. What Section measures is the performance of the hedging

rule the surface induces, which is a different and still useful question.

7.3 Hedge-Cost Sensitivity to the FX Coupling Multiplier

The one-parameter coupling érpx = ¢ - dwrr, evaluated at the natural reference point ¢ = 1.0,
is tested directly by sweeping ¢ € {0.5,0.75,1.0,1.25,1.5} and holding the WTI delta strategy
fixed. Table[§|and Figure[7|report the results; note that the KO rate (0.2249) and early-exercise
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rate (0.4551) are, as expected, identical across every value of ¢, since ¢ only rescales the FX
leg and has no influence on the WTI-side stopping decisions, so any change in cost or variance
across the sweep is attributable purely to the FX-leg coupling, not to a change in the underlying

barrier or exercise behavior.

Table 8: FX hedge multiplier sweep, total P&L, KRW

c Mean total P&L  Std. total P&L VaRgs CVaRgs
0.50 —43,617,209,156 32,187,496,866 121,445,143,908 131,417,052,157
0.75 —49,682,343,643 44,990,807,824 184,328,803,921 195,166,753,028
1.00 —55,747,478,129  59,369,149,552 247,282,335,313 259,001,910,328
1.25 —61,812,612,616 74,415,081,430 310,081,379,678 322,907,477,949
1.50 —67,877,747,102 89,793,641,566 372,580,157,785 386,866,592,247

Cost of fixed equal-delta FX coupling: multiplier sweep
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Figure 7: Total P&L mean and standard deviation as a function of the FX hedge multiplier c.

Within the swept range, both the mean total P&L and its standard deviation are monotonic
in ¢: variance is smallest, and mean P&L least negative, at the smallest tested multiplier ¢ = 0.5,
and both deteriorate steadily through ¢ = 1.5. This shows the natural reference point ¢ = 1.0
is neither a risk-minimizing anchor nor even a neutral midpoint: it sits on the costly end of
a clear, monotone trade-off, and every step toward a smaller FX multiplier makes the hedge
cheaper and less volatile over this range. The mechanism is structural: because c scales the FX
notional in lock-step with the WTI delta regardless of the FX leg’s own volatility, correlation,
and moneyness, the coupling forces the FX leg to carry more notional than its own risk profile
would independently justify once ¢ approaches and exceeds 1.0. The monotone direction is
enough to establish that sizing the FX leg as a fixed multiple of the WTI delta is a source of
avoidable hedging cost whenever the multiple is not chosen with the two legs’ covariance in
mind; the next two subsections turn that direction into the actual minimizer, first within the
coupled family (a closed-form, covariance-aware optimal multiplier), then for the instrument-free

question of what the FX delta should be (the structure’s own analytic FX sensitivity).
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7.4 From sweep to minimizer: the closed-form optimal multiplier

The five-point sweep is a sampling of a curve whose exact shape is fixed by the engine’s structure.
At every rebalancing date the FX position enters the ledger only through dpx = ¢ - dwrr; the
WTI leg, the barrier stopping rule, and the early-exercise decision are all computed from the
WTI surface alone and are therefore untouched by ¢ (this is why the KO and exercise rates in
Table [8] are invariant across the sweep). Consequently the cumulative FX-leg cash flow scales

linearly in ¢ path by path, and the per-path hedge cost decomposes affinely:
HC,(c) = Ap + ¢ By, A, =HC,(0), B,=HCy,(1)—-HC,(0), (26)

where A, is the WTI-leg-only hedge cost (FX coupling switched off) and B, is the unit FX-
leg contribution, both recovered from just two engine runs (¢ = 0 and ¢ = 1) by per-path
differencing. The mean is therefore affine in ¢ with no interior optimum, which is precisely why

the swept mean is monotone, and the variance is an exact upward parabola,
E[HC(c)] = E[A] + cE[B], Var[HC(c)] = Var[A] + 2¢ Cov(A, B) + ¢ Var[B], (27)

whose unique minimizer is a one-line quotient, structurally Ederington’s (1979) univariate
minimum-variance hedge ratio, with A as the exposure and the unit FX leg B as the hedg-
ing instrument:

= —Ci;;(;?é]B), Var[HC(c*)] = Var[4](1 — p% ). (28)
The swept range [0.5,1.5] is simply the right arm of this parabola, which is why cost variance
rises monotonically across it: the vertex lies to the left of the entire tested window.

Two qualifications are essential to reading ¢*, and the second is decisive.

The first concerns what is being minimized. In Ederington’s setting A is the firm’s spot
exposure. Here A = HC,(0) is the WTT leg’s own hedge cost, so is the variance of the hedging
programme’s ledger and not of the firm’s total position: the importer’s physical exposure,
$157,880,000 of monthly dollar settlement against 2,000,000 barrels, appears in neither A nor
B. A treasury minimizing total-P&L variance, with the physical exposure written into A, would
obtain a different multiplier.

The second is that ¢* is not measuring a covariance at all in the ledger that produced it.
The WTT hedge is carried as g; barrels of futures whose value is ¢1.5153, so the oil leg already
holds ¢1.51 dollars. A currency leg set to dpx on top of that leaves the book with a total
exchange-rate sensitivity of 151 + drx, not dpx. The production ledger never subtracts the
first term. Measured on the fitted surface, the unintended position averages roughly four times
the structural requirement , and the variance minimizer spends itself cancelling it.

The test is decisive. Re-running the sweep with the oil leg’s own currency exposure netted

out, so that the book’s total sensitivity is what dpx says it is, moves the vertex by

*

c =-1117 — ¢} —0.117, (29)

gross net —
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a shift of exactly 1.000, and leaves the attainable hedge-cost standard deviation unchanged
at KRW 20.32bn. The unit shift is the algebraic signature of the mechanism rather than a
coincidence: netting removes precisely one unit of the coupled position, because the oil leg’s
currency exposure is the ¢ = 1 position. The two ledgers are the same book relabeled, which
Table [9] shows directly.

ledger ¢ sdatc=0 sdatc=1 sdatc*
gross (as shipped) —1.117 22.80 28.25 20.32
oil-leg FX netted  —0.117 20.34 22.80 20.32

Table 9: The coupling minimizer before and after netting the oil futures leg’s own currency
exposure. Hedge-cost standard deviation, KRW billion, 60,000 paths, exercise-consistent ledger.
The gross column at ¢ equals the netted column at c+1 throughout, and the attainable minimum
is identical.

One full unit of the reported multiplier is therefore a bookkeeping correction. What survives
once the accidental position is gone is ¢ = —0.117, and the honest measure of what the
optimization buys is its gain over simply not coupling at all: from KRW 20.34bn at ¢ = 0 to
KRW 20.32bn at ¢*, a reduction of 0.14%. The 28% that the same optimization appears to
deliver on the gross ledger is, to within a seventh of a percent, the cost of the position the
ledger created by accident. An independent adjudication engine that never books the futures
leg’s currency term at all returns ¢* = 0 on the same structure, which is the same result reached
from the opposite construction.

Section [7.5]s V/S, is unaffected, since it is derived analytically rather than from the ledger.
The consequence for this paper is that the coupled-family apparatus of Sections [7.3H7.4] should
be read as diagnosing a netting error rather than as recovering a covariance-aware hedge ratio,
and the recommendation it supports, size the currency leg to V/Ss, is reached more directly
and more robustly from Proposition [1| alone.

Equation is an identity forced by the engine: a third run at ¢ = 0.5 reproduces A, +
0.5 B, path by path with maximum relative error below 1015, The identity is structural; the
economic content sits entirely in where the vertex lands, and on a gross ledger the vertex is
the netting artifact. Its location moves with ledger configuration, —0.548 on a to-maturity
ledger at 200,000 exact paths (Section against the —1.117 of Eq. , but every gross
configuration sits one unit from a netted minimizer that is economically zero, because the unit
is the accidental position itself and not a covariance.

The conclusion is the one Section reaches analytically: the currency coupling is not a
lever on hedge-cost risk. The oil leg dominates Var[A], no choice of ¢ can touch that part, and
once the book is netted correctly the best available ¢ is nothing.

With the netting correction the dynamic result is ¢* =~ 0: what the currency leg needs is its

own small exposure and not a multiple of the oil leg’s.

7.5 What the FX delta should be: the structure’s own analytic sensitivity

The multiplier ¢* answers the best-scalar question within the coupled family dpx = ¢ dwrr, but

a coupled family is itself only one way to size the FX leg, so the deeper question is what the
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Hedge-cost standard deviation is an exact parabola in ¢ (200{,}000 exact paths)

55 4 —— exact parabola v Var[HC(c)]
M swept multipliers

4 Q closed-form vertex ¢ * = —0.55
5 tested range is the
right arm of the parabola

53 1

52 1

51 1

hedge-cost std (bn KRW)

50 1

49 1

-1.5 -1.0 -0.5 0.0 0.5 1.0 1.5
FX hedge multiplier ¢ (6gx = cbwm)

Figure 8: Hedge-cost standard deviation as the exact parabola \/Var[HC(c)] implied by the
affine decomposition (26)). The parabola itself is an identity; its vertex is not the covariance-
aware multiplier the figure was originally drawn to display, and lies one unit from zero for the

reason Eq. gives.

FX hedge ratio would be if it were not tied to dy7y at all. For this structure that question has
an exact answer. The quanto payoff, its double barrier, and its jump component all act on Sy
alone; the exchange rate So enters only as a multiplicative terminal factor. Writing the option
value V(1) = EX[1{rxo > T} max(S)(T) — K,0) S5(T)] and separating the Sy factor by the

standard exponential-martingale (quanto) argument,
V(t) = S2(t) g(S1(t), path-state, t), (30)

exactly linear in Sy(t): the Sy factor pulls out of the expectation as So(t)e(" 52w ="US)™ while the
tilt shifts S;’s drift under QXYW by the term pocog, which Proposition shows is exactly what
the numeraire change removes, and leaves the barrier, the jumps, and (since both continuation
and exercise values are linear in S3) the early-exercise region untouched. Homogeneity of degree
one in Sy gives the structural FX delta in closed form,

oV V(t)

struct e

i.e. the option’s true FX exposure is precisely its own USD value, and not a scalar multiple
of dwrr times the (far larger) barrel notional a coupled rule sizes it against. This is the
analytic root of the sweep’s cost: a coupled rule sizes the FX hedge off the WTI hedge notional
min(S7, K) - barrels, whereas the exposure that actually needs hedging is the option’s own
carrying value V. Reconciled to a common unit, the coupled family’s FX position at ¢ = 1
carries a median USD notional of roughly 4.6 times the structural requirement of Eq. ,
which at the reported premium is an option carrying value of about $22.2M against a coupled
position near $102M. The comparison is stated as a notional ratio rather than a contract count

because the ratio is invariant to the futures contract size a given desk trades, while the count
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is not: a one-for-one coupling over-hedges the FX leg by roughly 4.6x.

Two internal cross-checks accompany this. First, the fitted regression surface provides a
second, independent estimate of the same delta, OV /8Sy = (B2 +284v2+ B5v1)/S2(0), computed
from the very coefficients that price the option (Section; it agrees with the homogeneity form
V/Ss to a median 8.8% over the surface, so the fitted basis respects the structure’s known So-
linearity to within that gap and the residual is a measurable property of the five-term polynomial
and not of the theorem, which is exact. Second, the structural delta is positive, since the
option’s KRW value rises with the exchange rate, whereas the variance-minimizing multiplier
of Section came out negative. The two do not disagree. Equation shows the multiplier
was negative because it was subtracting a currency position the ledger had created by accident,
and once that position is netted the multiplier is essentially zero and the two point the same
way. That is what the theory predicts. If V/Ss is already the right currency exposure, then
a correctly-netted book needs no further coupled adjustment, and the minimizer should sit at

zero. It does.

7.6 Jump Risk-Premium Re-Pricing Sensitivity

Table and Figure [J] report how the base and stress premiums respond to a pure re-pricing
sweep of the risk-neutral jump intensity Ag, holding jump-size distribution parameters fixed.
This is explicitly not a Girsanov jump-measure change; a fully self-consistent jump-measure
transformation requires an Esscher transform applied jointly to both the jump intensity and
the jump-size distribution to remain risk-neutral, which is outside the scope of the diagnostic

reported here.

Table 10: Jump-intensity re-pricing sweep

Aq factor Ag (per year) Base premium Stress premium

1.00 6.7846 17,188.10 52,507.01
1.25 8.4808 17,743.27 52,263.00
1.50 10.1769 18,207.37 52,234.79
2.00 13.5692 19,009.40 51,974.72

The base premium rises monotonically with Ag, as expected: a higher priced-in jump inten-
sity raises the expected cost of a claim exposed to jump risk. The stress premium (computed
under the WTT = 113 scenario, with all other inputs at the Table |1| calibration) moves in the
opposite direction, falling slightly as Ag rises. The direction is consistent with the mechanism:
under a deep-stress, near-certainly-ITM scenario the option’s value is dominated by intrinsic
value and not optionality, so raising the priced-in jump risk (which primarily inflates the value of
the optionality component) has a comparatively small, and in this case slightly negative, effect
once intrinsic value already dominates the payoff. Note also that this sweep’s own Ag-factor-1.0
base premium of KRW 17,188.10 differs from the headline production base premium of KRW
17,132.47 (Section by roughly 0.32%, an independently reseeded Monte Carlo draw of the
same underlying model, and a useful empirical read on the baseline premium’s own Monte Carlo

standard error.
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Jump-intensity re-pricing sensitivity
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Figure 9: Base and stress premium as a function of the jump-intensity re-pricing factor.

7.7 Jump-Threshold Calibration Robustness

Table [11] and Figure [10] report how the fitted jump parameters, KO rate, and total P&L mo-
ments respond to varying the jump-classification threshold & (in multiples of ov/dt) used by
the calibration engine’s threshold-based jump identification heuristic (Section , holding the
historical return series fixed. This sweep runs on the same jump-adapted exact engine and the
same n = 200,000 path count as Section [8.3] Its KO-rate column is not on the same definition
as Section s: the calibration sweep re-fits (A, 01) at each threshold and re-prices on a re-
struck grid, and the resulting rates (0.171-0.174) are accordingly a factor of roughly 2.5 below
the baseline barrier-touch frequency of 0.4369 and cannot be read against it. What the column
supports is the within-sweep comparison across k, which is the only claim made from it; the
same caveat applies to the total-P&L moments in the two right-hand columns, which sit on a

different configuration from Table [3] and should likewise be read only across rows.

Table 11: k-sigma threshold robustness sweep
kX (per year) Base premium KO rate Mean total P&L  Std. total P&L

2.5 15.714 17,610.40 0.1744 —54,965,034,614  64,303,604,528
3.0 6.7898 17,481.98 0.1727 —56,161,658,548  66,183,065,596
3.5 3.686 17,455.32 0.1711 —54,951,253,711  64,795,934,047

The fitted jump intensity is highly sensitive to k: a looser threshold (k = 2.5) classifies more
than four times the jump frequency of a tighter one (k = 3.5), 15.7 versus 3.7 jumps per year, as
diffusive moves get reclassified as jumps. Despite this range in fitted A, the base premium moves
by under 1% and the KO rate stays essentially flat (0.171—0.174), because the calibration re-
solves the diffusive volatility to compensate for whatever variance the threshold assigns to jumps
instead, total variance is conserved across the split, and price and barrier behavior inherit that
conservation. The k = 3.0 row’s A = 6.7898 and the production baseline’s A = 6.7846 are the
same threshold-count estimator evaluated on samples differing by one observation, 35x252/1299
against 35x252/1300. They are not two independent methods, and their agreement is arithmetic

rather than evidential; the informative content of this sweep is the variation across k, not the
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Figure 10: KO rate and mean total P&L as a function of the jump-classification threshold k.

agreement at k = 3.

8 Model Validation and Robustness

8.1 Exact Validation: Closed-Form Drift Bias

The simplest test of the orthogonal Girsanov construction (Section [3.3) compares its closed-
form predicted drift bias against the same bias measured directly by simulation, for a family
of simple (non-path-dependent, non-barrier) test statistics, across a range of maturities and a

range of market-price-of-risk scalings. Table [12| reports the maturity sweep.

Table 12: Closed-form vs. simulated drift bias, by maturity

T (years) Simulated bias Theoretical bias Residual

0.5 —17.5777 —17.5777 7.1x 1071
1.0 —27.6171 —27.6171 3.6 x 10714
1.5 —32.2205 —32.2205 2.3 x 10713
2.0 —35.7635 —35.7635 2.1 x 10713
2.5 —35.0405 —35.0405 —1.1x10713
3.0 —37.2824 —37.2824 4.3 x 10714

An identical result holds when instead sweeping the market-price-of-risk scaling factor from
0.5x to 1.5x the baseline u¥, with simulated bias again matching the theoretical closed form.
Both sweeps confirm the orthogonal Girsanov construction of Section is implemented cor-
rectly at the level of raw drift moments: this is an exact test in the sense that no discretization
error, path-dependent payoff, or barrier feature is involved, only the correctly-orthogonalized

first-moment shift itself.

8.2 Inexact Validation: Reweighting the Actual Barrier Payoff

A stronger test reweights genuinely simulated Q-measure paths, carrying the barrier-monitored

KO structure’s actual payoff, by the Girsanov likelihood ratio L(7T'), and compares the resulting

32



reweighted mean payoff against a direct P-measure simulation of the same payoff under the true
physical drift. Table [13|and Figure [L1] report the result.

Table 13: Girsanov reweighting vs. direct simulation, KO payoff

Method Mean payoff Std. dev. payoff
Reweighted (Q-paths x Girsanov LR) 6,224.31 14,346.47
Direct (P-measure simulation) 6,217.66 12,782.30
Residual (mean difference) 6.65
Residual (% of direct mean) +0.11% £ 0.10
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Figure 11: Left: Girsanov-reweighted vs. direct-simulation mean payoff on the actual KO struc-
ture. Right: agreement of the corresponding closed-form drift-bias test to within numerical
tolerance (Table [12).

The reweighting is run on 200,000 paths over 30 replications with common random numbers,
so the two arms share every Brownian increment, jump and bridge draw and differ only in
the drift. The residual is +0.11% with a standard error of 0.10% across replications, which
places it inside a tenth of a percent of zero. The density that does the reweighting is checked
directly on the same runs: E[L] = 1.000022 and sd[L] = 0.284216 against the closed form
Ve?®T — 1 =0.284219, so the likelihood ratio is a martingale with the variance the construction
predicts. A single replication is not informative at this sample size: across the thirty runs the
residual ranges from —0.78% to +1.17%, and at n = 10,000 its dispersion widens to about
three percentage points. The two tests differ in the property that matters: Section [B.I]s test
statistics are smooth, low-order moments of the underlying diffusion with no discretization-
sensitive discontinuity, whereas the KO payoff tested here is a genuinely discontinuous function
of the path (it depends on whether a discrete barrier-touch event occurred at all, evaluated on a
finite, 217-step Euler—Maruyama discretization of a continuous-time process). Reweighting by
a likelihood ratio is a variance-amplifying operation in general (note the reweighted standard
deviation (14,346) exceeds the direct standard deviation (12,782) by roughly 12% in Table[L3)),
and that amplified variance, combined with the barrier discontinuity’s own discretization error
(Section , is sufficient to produce a residual of this size without any defect in the measure-

change construction itself. For a reweighted discontinuous barrier payoff at this sample size, a

33



residual indistinguishable from zero would itself have warranted scrutiny.

8.3 Exact Simulation, Error Decomposition, and Convergence

The production scheme (Euler steps, whole-step bridge on jump-free steps) carries three ap-
proximation layers: diffusion discretization, the bridge’s jump-blindness (Eq. , and Monte
Carlo noise. This section eliminates the first two and measures all three via a jump-adapted
exact simulation at n = 200,000 paths: Poisson jump times drawn exactly within each step,
exact lognormal increments between jumps, per-sub-interval bridge tests, and a direct barrier
check at each jump instant, so the path law and its first passage are exact in distribution, with

Eump = 0 by construction.

8.3.1 The jump-gap residual, measured

Evaluating the exact scheme and the production-style test on the same paths makes &jmp mea-
surable path-matched: exact vs. production KO rates are 0.4391 vs. 0.4377 (Q-bank, +0.14pp)
and 0.4512 vs. 0.4494 (P-bank, +0.18pp) at 200,000 paths, giving the O(At) residual as a

number and not an order symbol.

8.3.2 Error decomposition and convergence

The error budget of the reported price, source by source, under the exact engine:

e Time discretization of the path law: eliminated. Exact lognormal increments

between exactly-timed jumps leave no Euler term (formerly strong O(At'/?), weak O(At)).

¢ Barrier monitoring: eliminated. Sub-interval bridges plus jump-instant checks give
exact first passage; empirically, the measured KO rate is flat across a 109/217/434/868-

step grid refinement (Table , so grid-invariance is observed and not assumed.

e Monte Carlo noise: O(N~!/2), measured. Table reports price, inception delta,
and KO rate on nested subsamples of a single 500,000-path bank: every price within two
standard errors of every other, standard errors halving on schedule. The inception delta,
noisy at 10,000 paths (0.69), settles to 0.544 only from 50,000 paths onward, a direct

illustration that Greeks demand far larger samples than prices.

¢ Basis truncation: < 1%, measured (Table . A strictly larger 10-term cubic moves
the price +1.0%; a genuinely non-polynomial exponentially-weighted Laguerre-function
basis moves it +0.2%. Two null results are as informative: a degree-2 tensor Laguerre
polynomial spans the identical six-dimensional space and reproduces the fit, and a payoff-
kink (hinge) augmentation max(v; — 1,0) is also a no-op, because the regression is fitted
on in-the-money paths only, where the hinge is linear and already in the span. Basis risk
on this surface is a sub-1% effect, and kink-aware bases are redundant by construction
under I'TM-only fitting.

¢ Exercise-date density: a contract definition. With first passage exact, the only re-

maining step-count effect is the density of Bermudan exercise opportunities (Table , the
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expected monotone approach to the continuous-exercise limit with shrinking increments.

The production contract exercises daily, so 217 dates specify the contract itself.

The full path-count, grid-refinement, and basis-robustness tables underlying this error budget
(Tables are collected in Appendix Against this budget, the production model’s
premium of 17,132.47 per unit sits 1.8% below the exact-engine figure at the 500,000-path
resolution of Table (14| (17,442.7), and 2.6% below the 217-step row of Table (15| (17,574.2); the
spread between those two references is itself the small-sample-plus-grid effect being quantified,
the joint size of the Euler, jump-gap, and small-sample effects the production scheme carries,

now quantified.

8.3.3 A dual upper bound: the exercise policy is near-optimal

Least-squares Monte Carlo prices are lower bounds: a suboptimal fitted exercise policy can only
forfeit value. The pricing model is therefore reported as an interval, with the upper end supplied
by an Andersen—DBroadie dual: the martingale is built from the fitted value surface’s one-period
increments (with V' = max(intrinsic, continuation) at every node), each increment’s conditional
mean estimated by inner re-simulation. At production resolution (5,000 outer paths, 128 inner

paths, and a 44-date exercise skeleton of every fifth trading day plus maturity) the bound is
Vo € [17,443 +44, 17,885+ 59| KRW per unit, (32)

a measured duality gap of 2.5%. Two opposing approximations shape the upper end: maximiz-
ing over a 44-date skeleton understates the full daily-exercise bound, while finite inner sampling
biases the estimate upward through the convexity of the pathwise maximum, so the 2.5% is a
conservative bound indicating that the fitted policy forfeits at most a few percent, not a mea-
surement that it forfeits that amount. On a coarser skeleton (every tenth day, 2,000 x 64) the
measured gap collapses into its own noise band, consistent with most of the 2.5% being estima-
tor bias and not genuine policy suboptimality. Reporting the interval and not the point is the
more informative form of the LSMC price, and everything downstream of the premium (hedge-
cost levels, not the coupling comparisons, which are within-engine) inherits an uncertainty of
at most this width.

8.3.4 Esscher-consistent jump risk premium

The self-consistent jump risk premium is an Esscher tilt: h maps (X, 0;) — ()\ehoJ +h?83/ 2 0,+
h(ﬁ) with the compensator recomputed, so every h is genuinely risk-neutral, unlike Section S
intensity-only diagnostic. Over h € {—0.5,0,0.5,1.0} at 100,000 exact paths, the price spans
17,475 to 17,282 (=~ 1.1%) and the KO rate 0.445 to 0.428: the diversifiable-jump-risk assump-
tion (h = 0) is not a knife-edge.

8.3.5 What survives, and what changes, at 200,000 exact paths

On the exact engine at 200,000 paths, the affine identity holds free of the discretization

term the production scheme carries, hedge-cost standard deviation at ¢ = 1 is KRW 51.90bn,
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and the vertex sits at ¢* = —0.548 with 48.76bn. That vertex is the gross-ledger quantity of
Section[7.4} exact simulation removes discretization error, not the netting error, and the two are
independent. Classical variance reduction fails structurally: the Merton-series quanto-European
control variate (analytic mean 19,316.55 vs. simulated 19,314.12) gains only x1.01, since KO’d
paths zero the option payoff where the control is largest; antithetic pairing gains x1.00, the
payoff being non-monotone in the shocks. On this product, accuracy has to come from path

count and not from variance reduction.

9 Discussion

Sections expose a tension: the regression delta is pointwise noisy (Table @ yet narrows
hedge-cost dispersion on a like-for-like ledger (Section . The resolution is that pointwise
accuracy and hedging performance are different quantities: a proxy delta is correct for a different
option, one with no barrier. Section [6.3| identifies what the aggregate actually punishes, and
it is not barrier-correlated error: a constant hedge ratio carries no barrier information at all,
its error is largest near the boundary, and it nonetheless reproduces the fitted surface’s entire
advantage. What the aggregate punishes is the level. Black-76’s delta rises toward one as the
option goes into the money while a knock-out structure’s does not, so a rule that keeps the
ratio below Black-76’s captures most of the available reduction, whether it obtains that ratio
by fitting or by assumption.

This has a direct practical implication for covariance-aware sizing. Coupling dpx(t) =
¢ - owrr(t) transmits every property of the WTI-leg delta, both its statistical quality and its
cost, directly and mechanically into the FX leg, with no independent check on whether that
coupling suits the FX leg’s own risk. Section s finding that cost and variance both rise
monotonically with ¢ shows that this transmission is not benign even when the underlying WTI
delta is the best available in this paper’s suite, the LSMC regression delta of Section the
same mechanical coupling would plausibly compound into a considerably worse outcome were
the underlying WTTI delta instead drawn from a barrier-blind closed-form proxy, since a fixed
coupling offers no mechanism to contain a poor WTI-leg estimate before it reaches the FX
leg. Treating the two legs’ deltas as independent, with the FX leg simply tracking the WTI
leg one-for-one, is therefore not a safe default under either condition: at best it is a cost paid
for operational simplicity, and at worst it is an uncontrolled channel through which WTI-side
estimation error is imported directly into the FX hedge.

What the closed-form results of Sections|7.4 add is that the coupled family is the wrong
family, and for a reason that has nothing to do with covariance. A rule of the form dpx = ¢dwrr
sizes the currency leg off the WTI hedge notional, whereas the exposure that needs hedging
is the option’s own carrying value V/Sy: at ¢ = 1 the coupling books a median 4.6x what
the structure requires. And the multiplier that appeared to correct this within the family
was correcting something else. Once the oil futures leg’s own currency exposure is netted, the
variance-minimizing ¢ falls to —0.117 and buys 0.14% over not coupling at all (Eq. . There
is no covariance-aware coupling to be had on this structure (Section .

The recommendation is correspondingly one-part. Size the currency leg to V/Ss, net of
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whatever currency exposure the oil hedge already carries, and do not tune c at all: the param-
eter has no economic content on a correctly-netted book, and on a gross book the optimizer’s
apparent gains are the cost of the accident it is undoing.

For the three audiences that actually run this trade, the findings translate into different
operational statements. For the importer’s treasury, with the caveat of Section that V/S is
a property of the option book rather than of the physical purchase programme, the headline is
that sizing the FX leg as a fixed positive multiple of the WTT delta increases the option book’s
hedge cost without reducing its risk: every additional unit of positively-coupled FX exposure
raised both the mean and the variance of realized hedge cost across the entire tested range, so
a one-for-one coupling adds exposure under the label of a hedge and not buying a conservative
default with premium, on a leg whose true size (the option’s own carrying value, V/Ss) is
roughly a factor of four to five smaller than what that coupling books. For the commodity
desk, the finding with teeth is negative: the fitted regression delta does not beat a barrier-blind
closed-form delta once the ledger is made exercise-consistent (Section , and where it does
appear to win, a constant hedge ratio with no barrier information reproduces the win in full
(Section . The operational content is a control rather than a model choice. Before paying
for a fitted exercise surface on a knock-out structure, run the constant-delta control and the
exercise-consistent ledger; on this structure both of them dissolve the case for the surface. For a
structured-products desk quoting these notes, the KO-rate decomposition matters commercially:
the American engine’s reported knock-out statistic understates the raw barrier-touch frequency
by roughly half because early exercise pre-empts the tally, so a desk quoting KO probabilities
off engine output without that decomposition would systematically misstate the barrier risk its
clients are selling. None of these statements requires adopting this paper’s specific model; each
follows from mechanics that survive any recalibration: a coupling rule, a barrier a model cannot

see, and a competing stopping time.

10 Limitations

Hedge rebalancing is discrete (daily, 217 steps), interest rates are constant, and the jump-
intensity sensitivity of Section[7.6]is a partial measure change bounded by the Esscher-consistent
tilt of Section at &~ 1.1%. Hedge-accounting treatment and static budget allocation are
outside the scope. Five boundaries bear on headline numbers and are stated with their measured
size.

Estimation risk in the jump block. Jumps are rare, so (X, 0,d7) rest on 35 classified days
out of 1,300 returns, the likelihood surface is flat along the intensity-versus-amplitude direction,
and the standard errors are correspondingly wide. Section controls discretization and Monte
Carlo error at a fized parameter vector and says nothing about how well that vector is known.
Because the knock-out probability depends on the jump tail, plausible variation within the
jump block’s own confidence region would move the KO rate, the premium and the level of
hedge cost by more than every numerical residual catalogued here. Read the hedge-cost levels
as central estimates inside a wide input-driven band. Propagating the calibration covariance,

or integrating over a jump-parameter posterior, is the natural extension.
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The estimator’s level. Table [6] measures the surface gradient against a finite difference taken
with the contract strike held fixed while the spot is bumped; the gap runs from 7.8% at inception
to 72.4% near expiry, and Section shows the gradient is close to constant over the fitted
domain. Comparisons of hedging rules on common paths, which is what every headline here is,
do not require an accurate 9V /051; quoting the gradient as a price sensitivity does, and would
be wrong by up to seventy percent late in the option’s life. The inception regression is also
poorly conditioned, cond(X’X) a 1.8 x 10!, which is why its seed dispersion is 0.077 and why
0V /0Ss is sign-unstable there.

Measure consistency of the production scheme. The engine simulates S with drift ryg, S
with drift rgrww — rys, and discounts the won payoff at ryg. Proposition [1| gives the correctly
specified value, against which this combination carries a spurious erkrw=rus)T ~ —(.42% and
a spurious pojoe drift tilt worth about +1%; the net is +0.4% at the calibrated correlation,
below the 1.8% discretization residual, but +5.3% at p = 0.5. Any use of this engine at a
materially different correlation should re-derive the drift from ([14)).

What the hedge-cost comparison can support. Table [3]s three engines differ in payoff, pre-
mium and stopping time as well as in delta rule, so its raw gap is not attributable to delta
quality; Section [6.3] gives the controlled comparison and the constant-ratio control. The tri-
modality of Section [6.9]is resolved at a default kernel bandwidth and collapses at wider ones;
no dip test is offered.

Ledger scope. Every hedge-cost figure here is the variance of the option-hedging ledger, in
which the importer’s physical dollar purchase appears nowhere. Section [7.4]s netting correction
is internal to that ledger: it removes the currency exposure the oil futures leg carries against
the option, not the exposure of the physical purchase programme. A treasury minimizing total-
position variance, with the physical leg written in, faces a different optimization than the one
solved here, and its answer for the currency leg would be a genuine positive exposure rather
than the V/Ss of the option book alone. The recommendation of this paper is scoped to the
derivative book.

Subject to these boundaries, the paper’s findings are comparative statements made on a
common path bank and a common parameter vector, and are for that reason more robust
to input uncertainty than the absolute levels: they turn on the factorization of , on the
shape of the fitted surface, and on the structural mismatch between a barrier-free model and a

barrier-carrying instrument.

11 Conclusion

This paper set out to derive a covariance-aware hedge ratio for the currency leg of a barrier oil
option, and found instead that the coupling it was built on is not where the economics sit.
What holds is analytic. A change of numeraire factorizes the payoff into the spot rate
times a dollar option, so neither the price nor either delta depends on the correlation between
the legs (Proposition , and homogeneity then fixes the currency delta at the option’s own
carrying value V/Sy (Section . The per-path affine decomposition of hedge cost in the

coupling parameter is likewise an identity, reproduced to machine precision, and the knock-out
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rate partition into exercise, barrier and survival is a measured property of the path bank.
What does not hold is the empirical apparatus built on top. The fitted regression surface is
close to a constant over its fitted domain and carries almost none of the state dependence a bar-
rier delta requires (Section ; its advantage over a closed-form proxy is reproduced by a con-
stant hedge ratio (Section and reverses outright once the ledger is made exercise-consistent
(Section ; and the negative coupling multiplier is a correction for currency exposure the oil
futures leg already carries, vanishing to within noise when that exposure is netted (Section .
Two of these are worth stating as prescriptions rather than as findings about one structure.
A claim that a fitted exercise surface delivers barrier-aware hedging should be required to beat
a constant-delta control before it is accepted. And a hedge ledger that carries a futures leg in a
foreign currency must net that leg’s own currency exposure before any currency-leg optimization

is run, or the optimizer will spend itself undoing an accident.

A Convergence and Basis-Robustness Tables

These tables support the error budget of Section path-count convergence, exercise-grid

refinement, and regression-basis robustness, all on the jump-adapted exact engine of Section [8.3]

Paths N Price (KRW /unit) s.e. Owrr(0) KO rate

10,000 17,298.5 196.6 0.692 0.4340
50,000 17,4149  88.4 0.547 0.4395
100,000 17,394.0  62.5 0.544 0.4391
200,000 17,468.5 444 0.543 0.4397
500,000 17,4427  28.0 0.545 0.4397

Table 14: Path-count convergence on nested subsamples of one 500,000-path jump-adapted
exact bank: price with standard error, inception regression delta, and exact-first-passage KO
rate.

Steps (exercise dates) Price (KRW/unit) s.e. KO rate

109 17,1414 86.0 0.4403
217 17,574.2  88.9 0.4398
434 17,702.0 91.6 0.4395
868 17,812.3 93.8 0.4395

Table 15: Grid refinement at 50,000 exact paths per row. The KO rate is grid-invariant (first
passage is exact at every grid); the price rises with shrinking increments purely through Bermu-
dan exercise-date density.

Regression basis Price  vs. poly-6 Note

Polynomial, 6-term (production) 17,468.5 —

Hinge-augmented, 9-term 17,468.5 +0.00% no-op: hinge linear on ITM set
Laguerre functions, 6-term 17,502.5 +0.19%  non-polynomial span
Cubic, 10-term 17,638.7 +0.97%  strictly larger space

Table 16: Basis robustness at 200,000 exact paths (same bank as Table; prices in KRW /unit.

The Laguerre row uses e~ %/2-weighted Laguerre functions, a genuinely different function space.
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B Proof of the American Extension of Proposition

Let N(t) = So(t)e"vst, the KRW value of the USD money-market account, a traded KRW
asset with N(0) = S3(0). Its discounted price Z; := N(t)e "%&w!/N(0) is a positive QX FW-
martingale with Zg = 1, and defines the measure change dQU* /dQKRW‘ 5= Z;. For any
stopping time 7 < T' and any F,.-measurable payoff, optional stopping applied to Z gives the
abstract Bayes identity EXfW[Z, Y] = EV9[Y], so

e "KRWT X So(T)

EKRW[e—TKRWTXTsz (7_)] _ EUS[ ~ =S, (0) EUS[e—TUsrXT] 7

since e "KRWTSy(1)/Z; = S2(0)e”"UST identically. Equivalent measures share null sets and
hence the same family of F-stopping times, so taking suprema on both sides gives VA™(0) =
S5(0) sup, EVS[e~"usT X ]. Finally, the optimand e "Us*X; is adapted to the sub-filtration F!
generated by the S; path and its barrier state; conditioning any F-stopping rule down to F
by the tower property leaves the value of the F51-Snell envelope unchanged, so the supremum

is attained on F'-stopping times and the exercise region is S;-measurable, free of p and oy. [J

C The Jump-Classification and Moment-Matching Construc-

tion

Each daily return r; = In(S1(¢;)/S1(ti—1)) is classified as a jump day when it exceeds a robust k-
sigma band around a robust location estimate of the return series, at the production threshold
k = 3; classified days split by sign into the up and down regimes. Within each regime the
intensity is the annualised count, A\, = n, - 252/N; the jump mean 6, and dispersion ¢,
are the sample moments of the classified returns; and the diffusive o; is re-estimated from the
unclassified remainder, so the observed quadratic variation is split between components and
never duplicated, the identification discipline Section [ requires. At k = 3 on the 1,300-return
sample this yields n,, = 12, ng, = 23, A = 35 x 252/1300 = 6.7846, and the regime moments
of Table (1} Section sweeps k € {2.5,3.0,3.5}, which measures the estimator’s sensitivity to
the one tuning constant it has.

For clarity about what the estimator is not: it is a hard classification followed by moment
matching, not an expectation-maximization fit. No posterior membership weights are computed
and no likelihood is ascended; a genuine Poisson-mixture likelihood would weight every return
partially into every component. The hard-threshold construction is used because jump days at
these intensities are sparse enough that classification is nearly deterministic, and because the
sensitivity that matters, the dependence on k, is measurable directly rather than integrated

out.
Code and data availability. Every engine, the frozen derived inputs, and the scripts that

regenerate each table and figure in this paper are available at github.com/JihongParker/

wti-fx-hedge-program.
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